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Eq. (5) Second tern on the right S IJ 'should be replaced by E 
Eq. (7) should read 
where Pc (E'] is the density of continuum ~ t a t e s  a t  energy E',  
and c refers to ?.he quantun nhbers and so l id  angle of the 
continuma particle. 
Page 3 Eighth line ur should read . . . . . . . 
in Th. :'he corrections t o  the energy shift due to the I
'off d!.:*.goaal natrix elenents of T betveen the statea.  e 
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V i r t u a l  T r a n s i t i o n s  t o  t h e  Continuum i n  0 
* 
W. P.  Beres 
Depar tmen t  of P h y s i c s  and Astronomy 
U n i v e r s i t y  of Maryland,  C o l l e g e  P a r k ,  Maryland 
I n  a s h e l l  model c a l c u l a t i o n ,  one mixes  t h e  s i m p l e s t  
c o n f i g u r a t i o n s  by a two-body i n t e r a c t i o n ,  t h u s  o b t a i n i n g  
e n e r g y  l e v e l s .  The wave f u n c t i o n s  a r e  t h e n  used  t o  c a l c u l a t e  
gamma t r a n s i t i o n  p r o b a b i l i t i e s  and c r o s s  s e c t i o n s  f o r  v a r i o u s  
n u c l e a r  r e a c t i o n s .  The i n t e r a c t i o n  s t r e n g t h  and exchange  
m i x t u r e  p a r a m e t e r s  a r e  a d j u s t e d  t o  a g r e e  w i t h  some e x p e r i -  
m e n t a l  o b s e r v a t i o n ,  e .g . ,  t h e  l e v e l  e n e r g i e s .  I n  c e r t a i n  
i n s t a n c e s  i t  i s  n e c e s s a r y  t o  i n t r o d u c e  a d m i x t u r e s  o f  more 
complex c o n f i g u r a t i o n s .  
p o n e n t s  o f  t h e  r e p u l s i v e  h a r d  c o r e  a r e  u s u a l l y  i n c l u d e d  i n  
t h e  e n e r g y  i n d e p e n d e n t  two-body i n t e r a c t i o n .  
s i d e r e d ,  however ,  a r e  t h e  v i r t u a l  t r a n s i t i o n s  t o  low l y i n g  
con t inuum s t a t e s .  As a t e s t  c a s e ,  t h e  s h i f t s  o f  t h e  n e g a t i v e  
p a r i t y  l e v e l s  o f  0 l6  d u e  t o  t h e s e  low momentum o f f  t h e  e n e r g y  
s h e l l  t r a n s i t i o n s  of  b o t h  n e u t r o n s  and p r o t o n s  h a v e  been  
c a l c u l a t e d .  T h e i r  c o n t r i b u t i o n s  a r e  found  t o  be s i g n i f i c a n t l y  
The  e f f e c t  o f  t h e  h i g h  momentum com- 
Seldom con-  
l a r g e  
'Work s u p p o r t e d  by N a t i o n a l  A e r o n a u t i c s  and S p a c e  
A d m i n i s t r a t i o n  Resea rch  G r a n t  NsG-642. 
* 
P r e s e n t  A d d r e s s :  P h y s i c s  Depar tmen t ,  Duke U n i v e r s i t y  
Durham, Nor th  C a r o l i n a  
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1 The s h i f t s  a r e  c a l c u l a t e d  u s i n g  t h e  t h e o r y  o f  MacDonald ) .  
I n  t h i s  scheme t h e  e f f e c t i v e  n u c l e a r  i n t e r a c t i o n  c~~ i s  g i v e n  
by  
where  v i s  t h e  r e s i d u a l  i n t e r a c t i o n ,  i . e . ,  t h e  d i f f e r e n c e  
be tween t h e  a c t u a l  and model H a m i l t o n i a n s  H and Ho* 
o p e r a t o r  Ilc p r o j e c t s  o n t o  t h e  cont inuum s t a t e s  o f  H o e  
G a r s i d e  ) h a s  s u g g e s t e d  w r i t i n g  
The 
2 
where  ITh and ll, p r o j e c t  r e s p e c t i v e l y  o n t o  t h e  h i g h  and l o w  
momentum cont inuum s t a t e s  o f  H o e  
t i v e  i n t e r a c t i o n  T~ a s  
He  t h e n  d e f i n e s  an e f f e c -  
U s i n g  e q s .  (l), ( 2 ) ,  and ( 3 )  t h e n  y i e l d s  
( 3 )  
B e c a u s e  %h i n c l u d e s  a l l  t h e  h i g h  momentum components  of t h e  
two n u c l e o n  c o r r e l a t i o n s  it can  be  chosen  a s  e n e r g y  i n d e -  
p e n d e n t  and w i t h o u t  a h a r d  c o r e o  
c o n s i d e r s  e x p l i c i t l y  l o w  momentum c o r r e l a t i o n s .  
s t a t e  of Ho + T ~  i s  r e p r e s e n t e d  by X 
m a t r i x  e l e m e n t s  a r e  - 
The second term o f  eq .  ( A )  
If t h e  p ’ t h  
t h e n  t h e  d i a g o n a l  P 
. 
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o r  s y m b o l i c a l l y  
The e i g e n v a l u e  E o f  X i s  g i v e n  by t h e  f i r s t  term on t h e  
r i g h t  hand s i d e  of eq. (5) .  
t r a n s i t i o n s  t o  t h e  l o w  momentum c o n t i n u u m 4  ( E )  i s  g i v e n  by 
t h e  second term on t h e  r i g h t  i n  eq. ( 5 ) .  
d e n o t e s  t h e  p r i n c i p a l  v a l u e  o f  t h e  i n t e g r a l  and r ( E ' )  i s  
t h e  w i d t h  f u n c t i o n  o f  t h e  l e v e l  p g i v e n  b y  
P P 
The d i a g o n a l  s h i f t  due  t o  v i r t u a l  
P 
I n  t h i s  term P 
P 
w i t h  x ( + ) ( E ' )  t h e  cont inuum e i g e n f u n c t i o n  of Ho. 
!p(ERes) = ERes i s  t h e  r e s u l t a n t  e n e r g y  o f  t h e  p ' t h  com- 
pound l e v e l ,  t h e n  I' (ER,,) i s  j u s t  t h e  u s u a l  d e f i n i t i o n  o f  
t h e  d e c a y  w i d t h .  The u p p e r  e n e r g y  l i m i t  X i n  t h e  i n t e g r a l  
If 
I.1 
of eq .  ( 5 )  i s  a r b i t r a r i l y  chosen  a s  65 MeV which c o r r e s p o n d s  
t o  a c h a r a c t e r i s t i c  p a r t i c l e  s e p a r a t i o n  o f  a b o u t  . 5 f .  
E n e r g i e s  above  t h i s  a re  a s s o c i a t e d  w i t h  s h o r t  r a n g e  c o r -  
r e l a t i o n s  g e n e r a t e d  b y  t h e  r e p u l s i v e  c o r e  and a r e  i n c l u d e d  
i n  cth" The o f f  d i a g o n a l  e l e m e n t s  of ze be tween t h e  s t a t e s  
X 
o p t i c a l  t h e o r e m  o f  f o u r t h  o r d e r  i n  T ~ ~ ) ~  These  have  been  
c a l c u l a t e d  by  G a r s i d e  ) and a r e  o n l y  of  t h e  o r d e r  o f  0 - 4 0  
keV. C o n s e q u e n t l y  t hese  terms a r e  n e g l e c t e d .  
and X 
P '1 
a r e  of  s econd  o r d e r  i n  I m  ze << Re ze and v i a  t h e  
2 
I n  t h e  p r e s e n t  c a l c u l a t i o n  t h e  s t a t e s  X a r e  o b t a i n e d  
i n  a p a r t i c l e - h o l e  b a s i s  of s t a t e s  c o n s i s t i n g  of p<)2 s1i2 
CL - 
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The i n t e r a c t i o n  -ch i s  chosen  t o  h a v e  two p a r t s ,  v i z :  
The f i r s t  term i s  t h e  p a r t i c l e - h o l e  i n t e r a c t i o n  w h i l e  t h e  
second  i s  a one-body p o t e n t i a l  which e x i s t s  o n l y  f o r  t h e  
s t a t e .  T h i s  s t a t e  i s  a s i n g l e - p a r t i c l e  r e s o n a n c e  i n  3/2 
017 and F17 and i n  r e f .  4 )  t h e  t r e a t m e n t  of  t h i s  l e v e l  a s  
an  i n t e r m e d i a t e  bound s t a t e  which i s  pushed up i n t o  t h e  
con t inuum by Z h ( l d  h a s  been  d e s c r i b e d .  T h i s  removes 
3/2 
the  s h a r p  e n e r g y  dependence  f rom t h e  e x p r e s s i o n  f o r  A ( E )  
F o l l o w i n g  r e f .  4 )  -ch(ld3/2) i s  j u s t  t h e  e x t r a  w e l l  d e p t h  
needed  t o  b i n d  t h e  1d3I2  s t a t e .  
c u l a t e ,  t h e  s p i n  d e p e n d e n t  p a r t i c l e - h o l e  r e s i d u a l  i n t e r a c t i o n  
w i t h  d e l t a  f u n c t i o n  r a d i a l  dependence  used  by Brown, e t .  a l .  ) 
and Lemmer and S h a k i n  ) v i z . :  
P 
Because i t  i s  e a s y  t o  c a l -  
5 
6 
i s  employed. The s t r e n g t h  Vo i s  t h a t  u sed  i n  t h e s e  r e f e r e n c e s  
3 and i s  581 MeV f 
The w i d t h  f u n c t i o n s  eq. ( 7 )  and e n e r g y  s h i f t s b  h a v e  
P -. 
b e e n  c a l c u l a t e d  u s i n g  t h e  code  ABACUS') w i t h  n e u t r o n  and 
p r o t o n  wave f u n c t i o n s  o b t a i n e d  f rom a Woods-Saxon w e l l  w i t h  
s p i n - o r b i t  c o u p l i n g  and coulomb p o t e n t i a l  of  a u n i f o r m  s p h e r e  
3/2) are- d i s -  
o f  c h a r g e .  The p a r a m e t e r s  f o r  t h i s  and T h ( l d  
c u s s e d  i n  r e f .  8 )  where  t h e  e n e r g i e s  E 
s t a t e s ,  of  0 l6  have  been c a l c u l a t e d .  
and w i d t h  o f  t h e  1- 
P 
I n  e v a l u a t i n g  r ( E ' ) ,  
P 
t h e  e f f e c t i v e  i n t e r a c t i o n  T~ h a s  been  approx ima ted  by  T~~ 
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I n  f i g .  1 a r e  p l o t t e d  t h e  n e u t r o n  and p r o t o n  w i d t h  
f u n c t i o n s  f o r  a t y p i c a l  l e v e l  ( t h e  J = 1-, 22.6 MeV l e v e l  
of r e f .  8 ) ) .  The s h a p e s  a r e  d u e  t o  t h e  e n e r g y  dependence  
of t h e  s112, d3/2,  and  d5/* s i n g l e  p a r t i c l e  cont inuum wave 
f u n c t i o n s .  
a t  15.67(12.13) MeV makes t h e  w i d t h  z e r o  a t  e n e r g i e s  be low 
The o p e n i n g  of t h e  p -' n e u t r o n  ( p r o t o n )  c h a n n e l  1/2 
t h e s e .  The bumps n e a r  20  MeV a r e  caused  by t h e  o p e n i n g  of 
t h e  p372 n e u t r o n  and p r o t o n  c h a n n e l s  a t  21 .83  and 18.45 MeV 
r e s p e c t i v e l y .  
F i g u r e  2 p r e s e n t s  f o r  t h e  f i v e  J = 1- l e v e l s  a p l o t  of 
( E )  - E  vs .  E. The i n t e r s e c t i o n  w i t h  t h e  z e r o  o r d i n a t e  
P 
l i n e  g i v e s  t h e  r e s o n a n t  e n e r g i e s .  The c u r v e s  a r e  s e e n  t o  
be v e r y  n e a r l y  l i n e a r ,  and none o f  t h e  p o s s i b l e  m u l t i - i n t e r -  
s e c t i o n s  s u g g e s t e d  i n  r e f .  6 )  o c c u r .  S i m i l a r  c u r v e s  a r e  
o b t a i n e d  f o r  t h e  J = 0-, 2-, 3-, and 4- l e v e l s .  I t  i s  n o t e d  
t h a t  t h e  r e s u l t a n t  e n e r g i e s  P ( E R e s )  a r e  c o n s i d e r a b l y  be low 
t h e  e x p e r i m e n t a l  e n e r g i e s  ( c . f .  t a b l e  l ) ,  e . g . ,  t h e  21.3 MeV 
i n t e r s e c t i o n  i n  f i g .  ( 2 )  i s  a s s o c i a t e d  w i t h  t h e  e x p e r i m e n t a l  
22.4 MeV s t a t e .  
I n  t a b l e  1 a r e  l i s t e d  f o r  Jn = 0 - ,  1-, 2-, 3-, and 4-, 
t h e  e n e r g i e s  E p r i o r  t o  t h e  cont inuum s h i f t ,  t h e  known 
e x p e r i m e n t a l  e n e r g i e s ,  t h e  t o t a l  n e u t r o n  and p r o t o n  s h i f t s  
a n d  p a r t i a l  s h i f t s  f o r  t h e  p1i2 and p3/2 c h a n n e l s ,  and t h e  
r e s u l t a n t  compound n u c l e a r  e n e r g i e s  c l ( E R e s ) .  A l l  s h i f t s  
P 
-1 -1 
a r e  a t  Q E ~ ~ ~ )  - = 0. Al so  i n c l u d e d  a r e  t h e  n e u t r o n ,  - 
p r o t o n  and t o t a l  w i d t h s  a t  t h e  e n e r g i e s  E . The s h i f t s  a r e  
n e g a t i v e  ~ P C I _ I I S P  there a r e  m ~ r e  c o ~ t i n u u r n  s t a t e s  above than 
P 
I 
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below E i n  t h e  integral eq. ( 5 ) .  They v a r y  f rom -.08 t o  
-1.7 MeV and a r e  i n  many c a s e s  o f  t h e  o r d e r  o f  t h e  l e v e l  
w i d t h s  ( t a b l e  1) .  
p r e v i o u s l y  been  ment ioned  by F e r r e l l  ) .  The l a r g e  l e v e l  
P 
T h a t  t h e s e  two e f f e c t s  a r e  comparab le  h a s  
9 
s h i f t s  r e s u l t  i n  s e v e r a l  i n s t a n c e s  o f  s e r i o u s  d i s a g r e e m e n t  
w i t h  e x p e r i m e n t .  T h i s  i s  most  e y i d e n t  f o r  t h e  1- l e v e l s  
a b o u t  which more i s  known. 
s h i f t s  a g r e a t e r  p a r t i c l e - h o l e  f o r c e  s t r e n g t h  must  be u s e d .  
Buck and H i l l ' ' )  h a v e  p r e d i c t e d  t h e  p h o t o n u c l e a r  r e s o n a n c e  
c r o s s  s e c t i o n s  i n  0 l6  u s i n g  a c o u p l e d  c h a n n e l  c a l c u l a t i o n  
which  a u t o m a t i c a l l y  i n c l u d e s  c o u p l i n g  t o  t h e  cont inuum.  They 
f i n d  t h a t  t h e  b e s t  agreement  w i t h  e x p e r i m e n t  comes from u s i n g  
a f o r c e  s t r e n g t h  o f  650 MeV f , somewhat g r e a t e r  t h a n  t h e  
v a l u e  used  i n  r e f s .  5 ) ,  61, and t h e  p r e s e n t  c a s e .  A v e r y  
q u i c k  c a l c u l a t i o n  o f  t h i s  e f f e c t  may be  made f o r  t h e  J = 1- 
leve l s .  
p a r t i c l e - h o l e  c o n f i g u r a t i o n  5 9 8 ) ,  and t h e  change  i n  e n e r g i e s  
E 
b y  t h e  change  i n  t h e  d i a g o n a l  element of  t h e  dominant  con-  
I n  o r d e r  t o  c o r r e c t  f o r  t h e  l a r g e  
3 
These  s t a t e s  a r e  p r e d o m i n a n t l y  o f  one  p a r t i c u l a r  
d u e  t o  t h e  a d d i t i o n a l  f o r c e  s t r e n g t h  i s  g i v e n  v e r y  n e a r l y  
P 
f i g u r a t i o n .  T h i s  r a i s e s  t h e  v a l u e s  of [ J E R e s )  t o  23.7,  
21.9, 20 .0 ,  17.1, and 13.7 MeV which a r e  i n  b e t t e r  ag reemen t  
w i t h  t h e i r  e x p e r i m e n t a l  c o u n t e r p a r t s  ( t a b l e  1). The w i d t h s  
i n  r e f .  10)  a r e  somewhat l a r g e r  t h a n  i n  t h e  p r e s e n t  c a l c u -  
l a t i o n  b e c a u s e  o f  t h e  s t r o n g e r  i n t e r a c t i o n  used .  
The i n d i c a t i o n  i s  t h a t  v i r t u a l  t r a n s i t i o n s  t o  t h e  con-  - 
t i n u u m  a r e  i m p o r t a n t  and when p r o p e r l y  t a k e n  i n t o  a c c o u n t  
r e q i i i r e  a g r e a t e r  p h e n m w n z l e g i c a l  t?.ro body i n t e r a c t . i o n  t h a n  
t h a t  r e q u i r e d  i n  t h e  u s u a l  s h e l l  model c a l c u l a t i o n s .  
- 7 -  
L a s t l y  i t  s h o u l d  be ment ioned  t h a t  a c a l c u l a t i o n  o f  t h e  
low momentum c o r r e l a t i o n s  u s i n g  more r e ' a l i s t i c  two-body 
i n t e r a c t i o n s  ( e . g . ,  t h e  e f f e c t i v e  i n t e r a c t i o n  d e r i v e d  by Kuo 
and Brown")) would be v e r y  u s e f u l .  
e .  
The a u t h o r  acknowledges  many i n f o r m a t i v e  d i s c u s s i o n s  
w i t h  P r o f e s s o r  W. M. MacDonald and s e v e r a l  h e l p f u l  s u g g e s t i o n s  
f r o m  P r o f e s s o r  M. K. B a n e r j e e .  Many t h a n k s  go t o  Mr'. G. 
L e r n e r  f o r  h i s  c o d i n g  of  t h i s  problem.  
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F i g u r e  C a p t i o n s  
F i g .  1 Neut ron  and p r o t o n  w i d t h  f u n c t i o n s  i n  0 v s .  e n e r g y  16 
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